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Fast estimation of crystal densities

A simple, efficient and accurate method for the estimation of
crystal densities is of interest for different applications. By
analysis of the Cambridge Structural Database (CSD) we
derived an average atom volume method to estimate the cell
volume for a given formula and Z value. This method extends
the work of Mighell et al. (1987) by inclusion of the thermal
expansion and error estimation.

1. Introduction

It is often useful to know what the density of an organic or
metal-organic crystal should be, particulary in evaluating the
correctness of a chemical composition and/or experimental
unit-cell parameters. The former 18 A? rule (Kempster &
Lipson, 1972) has been improved by replacing the average
volume of the atoms by individual volumes for each element
(Mighell et al., 1987). The presented method extends this
approach to the effect of temperature and derives an error
estimation for the average volumes.

In some industrial applications a certain density of the
crystal may be required. In the process of crystal engineering a
simple method of density prediction can exclude unprofitable
candidates at a very early stage. An accurate density estima-
tion has been developed for the purpose of propellant opti-
mization (Ammon & Mitchell, 1998; Stine, 1981). However,
these methods have been parameterized for a few elements
and the density is not as simple to calculate as it is by the
presented method.

2. Method

To derive actual parameters for density prediction, the CSD
(Release April 2001; Allen & Kennard, 1993) was analyzed.
Structures with disorder were not taken into account. In a first
step, 4815 unusable structures, for our purpose, were screened
off. This concerns structures with a given Z value of zero,
structures with a cell volume of zero, structures without a
given cell and structures with questionable cell content.
Sometimes the cell content contains zero as the frequency for
an element, e.g. C1 H1 CI1 Fel NO O1 for the structure

Received 23 July 2001
Accepted 20 December 2001

Acta Cryst. (2002). B57, 489-493

Detlef Walter Maria Hofmann - Estimation of crystal densities 489



research papers

Table 1
Characteristic values during the iterations of sample 1.

Retained
Iteration ay, *10° structures Intercept a Slope b * 10°
0 0.000 9112 1.000 0.000
1 0.884 4474 0.970 0.857
2 0.964 5406 1.003 0.081
3 1.026 5689 0.997 0.062
4 1.030 5889 0.999 0.004
5 1.006 6013 1.001 —0.025
6 0.978 6039 1.001 —0.028
7 0.948 6071 1.001 —0.029
8 0.924 6043 1.000 —0.025
9 0.873 6040 1.001 —0.051
10 0.876 6036 1.000 0.003
11 0.866 6031 1.000 —0.010
12 0.867 6041 1.000 0.000
13 0.876 6052 1.000 0.010
14 0.885 6050 1.000 0.008
15 0.892 6044 1.000 0.007
16 0.899 6044 1.000 0.007
17 0.906 6045 1.000 0.007
18 0.909 6050 1.000 0.004
19 0.916 6050 1.000 0.006
20 0.918 6049 1.000 0.002

ABYXCZ. Application of the screens left 182 239 structures,
which we used to derive average volumes for the elements.!
The volume of a crystal was presumed to be the sum of the
average volumes v; of the elements in the unit cell, where n;, is
the number of atoms of element i in the unit cell. Assuming
that the volume varies linearly with the temperature, we have

100

Vew = ) n¥(1+aT) =nv(l +aT), (1)
i=1

where o is the average thermal expansion coefficient. The sum
runs over all elements from hydrogen (atom number 1) to
fermium (atom number 100). The database contains strctures
up to americum and for the higher atom numbers no average
volumes can be derived with this method.

In order to estimate the parameters v; and @ and their
accuracies, the total number of structures was divided into 20
samples j of 9112 structures. For each of these samples, indi-
vidual average volumes v;; and thermal expansion coefficients
a; were determined.

“_,‘1",‘1(1 + T)= Vobs,jt

njkvjl(l + O‘le) = Vs ji

nj9112vjl(1 + oy T)= Vobs jo112+ 2

To obtain the values v; and «; the overdetermined non-
linear equation system (2) was solved iteratively. The para-
meters v;; or o were kept constant alternately, whereby the
iteration is indicated by the index /. In a first approximation
the above equation was solved for each sample, while

! Supplementary data for this paper are available from the IUCr electronic
archives (Reference: BK0101). Services for accessing these data are described
at the back of the journal.

neglecting temperature dependence in order to obtain a first
approximation v,

n;v; (1 + a;T) = Vg ; with oy = 0. 3)

obs,j

This is a multilinear regression problem that can be solved by
a least-squares procedure. For this purpose we use the singular
value decomposition for overdetermined systems (Press et al.,
1992; Stoer & Bulrisch, 1980; Golub & Van Loan, 1989), which
is a general method for solving an overdetermined linear
equation system. The algorithm is based on the theorem that
the matrix n can be expressed by the two orthonormal column
matrices A and B and the positive definite diagonal matrix w
in the following way

n; = AwB’. 4)
The solution of the unknown parameters vy, is then given by
vo=Bw ATV .. 5)

If v, are taken as fixed, the equation system becomes a linear
regression problem. For each structure k out of the sample, the
ratio Vi ix/Ves i versus the temperature can be plotted as

Vovsjc/ Vesiju = a+ bT. (6)

From the slope b and the intercept a of the regression,
improved values for the thermal expansion coefficients and
the average volumes can be calculated as

Vovs,jt = Vestjul(@ +bT)
=nv,¢,(1 +a;T)(a+bT)
=nvyca(l +a;T+b/aT + ocﬂb/aTz)
~nvyca(l + ;T + b/aT)
=nvyc (1 + o, T)

=nv, (1 +a;,T) with ¢, =1 (7)

In the first round all 9112 structures of a particular set were
used and the starting value for ¢, was set to one. Subsequently,
only structures were retained whose experimental volume V
deviated by less than 5% from the estimated volume V.
Organic and metal-organic structures with values below this
threshold are supposed to include undiscovered solvent

(Stalick, 2001).
1/1.05 < Vo / Vi, < 1.05. (8)

After the screening we returned back to (3). The procedure
was repeated until self-consistency of the expansion coeffi-
cient and the atomic volumes were achieved. In Table 1 we
give the number of retained structures, the intercept a, the
slope b and the thermal expansion coefficients o, ,; as a
function of the iteration for sample 1. The average volume v;
of an element i is the arithmetic mean of the ten volumes
determined for the different samples.

20
v, = (1/20) Z V. ©)

The standard deviation o and the mean error Av; for an
average volume is given by
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Table 2

The average volume v; of elements at 298 K.

Atom Mighell et al. Difference
number Element v (A% Av (A% (1987) (%)
1 H 5.08 0.04 5.40 -5
2 He - - 10.00 -

3 Li 22.6 0.9 18.00 25
4 Be 36 4 24.50 45

5 B 13.24 0.17 13.00 1

6 C 13.87 0.05 13.94 0

7 N 11.8 0.3 11.00 7

8 o 11.39 0.17 10.00 13
9 F 11.17 0.15 11.50 -2
10 Ne - - 20.00 -

11 Na 26 3 18.00 44
12 Mg 36 4 38.00 —4
13 Al 39.6 13 34.50 14
14 Si 37.3 0.3 39.00 —4
15 P 29.5 0.2 30.00 -1
16 S 252 0.3 26.00 -2
17 Cl 25.8 0.3 25.00 3

18 Ar - - 30.00 -
19 K 36 3 31.00 15
20 Ca 45 6 41.00 9

21 Sc 42 6 21.00 99
22 Ti 27.3 1.8 25.50 7

23 \% 24.0 1.8 39.00 —38
24 Cr 28.1 15 34.00 —17
25 Mn 319 0.9 31.50 1

26 Fe 30.4 0.7 29.00 4
27 Co 29.4 1.3 27.00 8
28 Ni 26 2 26.50 -1
29 Cu 26.9 1.0 24.00 12
30 Zn 39 3 35.00 12
31 Ga 378 1.5 39.00 -3
32 Ge 41.6 1.3 39.00 6

33 As 36.4 13 36.50 0
34 Se 303 1.1 28.50 6

35 Br 327 0.6 30.50 7
36 Kr - - 40.00 -
37 Rb 42 5 39.00 8
38 Sr 47 4 39.00 21
39 Y 44 3 37.00 17
40 Zr 27 2 40.00 -31
41 Nb 37 2 35.50 3

42 Mo 38 2 37.00 2

43 Tc 38 5 37.00 2
44 Ru 373 0.9 43.00 —13
45 Rh 31.2 1.0 39.00 -20
46 Pd 35 3 34.50 2
47 Ag 35 2 29.50 18
48 Cd 51 3 35.00 45
49 In 55 3 64.00 —14
50 Sn 52.8 1.3 49.00 7

51 Sb 48.0 1.6 46.00 4
52 Te 46.7 19 48.00 -2
53 1 46.2 0.4 44.00 5

54 Xe 45 8 50.00 -9
55 Cs 46 2 53.00 —14
56 Ba 66 4 41.00 61
57 La 58 5 65.00 —10
58 Ce 54 5 60.00 -9
59 Pr 57 7 60.00 —4
60 Nd 50 4 60.00 —16
61 Pm - - 55.00 -
62 Sm 50 4 55.00 -9
63 Eu 53 4 55.00 —4
64 Gd 56 5 50.00 12
65 Tb 45 7 50.00 -10
66 Dy 50 7 50.00 0
67 Ho 42 5 50.00 —15
68 Er 54 5 50.00 8
69 Tm 49 6 45.00 8
70 Yb 59 4 45.00 30

Table 2 (continued)

Atom Mighell et al. Difference
number Element v (A3) Ay (A3) (1987) (%)
71 Lu 35 4 45.00 =21
72 Hf 40 4 45.00 —-10
73 Ta 43 2 43.00 0
74 w 38.8 1.6 46.00 —15
75 Re 42.7 1.8 51.00 —16
76 Os 419 0.6 43.00 -2
77 Ir 343 0.9 29.50 16
78 Pt 38 2 42.00 -9
79 Au 43 2 31.00 39
80 Hg 38.0 1.4 38.00 0
81 Tl 54 4 58.00 —6
82 Pb 52 4 43.00 21
83 Bi 60 4 49.00 22
84 Po - - 50.00 -
85 At - - 55.00 -
86 Rn - - 60.00 -
87 Fr - - 70.00 -
88 Ra - - 60.00 -
89 Ac 74 - 75.00 -
90 Th 56 5 85.00 -33
91 Pa 60 30 80.00 —25
92 U 58 4 61.00 -5
93 Np 45 6 70.00 =35
94 Pu - - 70.00 -
95 Am 17 - 70.00 -
96 Cm - - 70.00 -
97 Bk - - 70.00 -
98 Cf - - 70.00 -
99 Es - - 70.00 -
100 Fm - - 70.00 -
20 172
o) = [ (1/19) > (v, =) (10)
j=1
172 _—
Av, = 1.03/(20) (7). (11)

The average thermal expansion coefficient & and its mean
error Ao was calculated to be analogous.

The density p of a crystal can be estimated from the average
volumes and the atom mass m; obtained by

100 100
p=|\D_mmn|/| D nv(+aT)|. (12)
i=1 i=1

The mean error for the density Ap can be calculated from the
determined mean errors of the average volumes Av; and the
thermal expansion coefficient A by

an—Avl—

& TAx \*
Ap=£p| [ +< ) . (13)

2 1/2

1+aT

i=1

3. Results

The coefficient of the thermal expansion was determined to be
(0.95 £ 0.03) x 10~* K. The values of the average volumes
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Table 3

Structures for which the volume is more than 25% overestimated
(Vops/ Vest <08).

Reference code Compound Viovs/ Vest
BAFORM Barium formate 0.775831
BIFVAN Dilithium malonate 0.715611
GAFORMO1 Gadolinium formate 0.747237
TERMOS Lithium phosphonoacetate 0.796253
Z7Z7ZV7001 Dirubidium tartrate 0.798727

v; of the elements at room temperature (298 K) with their
mean errors are contained in Table 2.

For the elements actinium and americum no standard
derivation can be calculated. For both cases only a single
compound containing these elements occurs in the database.
As just two compounds with protactinium are available, the
largest mean error is calculated for this element. The largest
difference (99%) between the average volumes in this work
and the former work (Mighell et al., 1987) is observed for
scandium. This element occurs in 95 structures and the
difference can be explained by different oxidation states Sc”
and Sc**. Recent scandium complexes contain more Sc’ than
previous complexes. The different oxidations states for this
element and other metals cause large mean errors Av,, even if
they occur frequently in the database. Similar to the metals,
the mean error of the halides depends on the different
chemical environment, bonded or ionic, and not on the
frequency of the element in the database, e.g. the volume of
iodine can be calculated from the covalent radius 2.20 A to
44.6 A® and from the ionic radius 2.15 A to 41.6 A? (Weast,
1987), which is reflected by the large variation Av,.

We observe 1746 structures with a per cent difference in the
volume above 25%. Three different reasons for these unusual
deviations were found:

(i) The volume is over- or underestimated by more than
75% in 737 cases, often by an integer multiple (V,,, >~ nV
resp. Vs =~ Ve /n). The reason is mainly that the Z value has
been entered incorrectly into the database. Earlier versions of

T T T T .

L |1 this work

I 1 18A rule

Mighell et al.
15000 -1
10000 - -1
S000 ! ‘ =
Len i-lll””lll[||||l| | | | ‘ | ‘ | | I | I [||||||||E[‘[||'l|l1ln Lo

8O 90 100 1o 120

Figure 1
Ratio of estimated and experimental volume V,,/V. for all 182239
structures within 1 % 0.20.

the CSD checking software did not include a search for void
spaces when Z is too low. This has now been implemented.

(ii) For 513 compounds the cell volume is underestimated
by 25-75%. Visual inspection did not indicate any obvious
common feature. A possible reason may be the unrecognized
or disordered inclusion of several solvent molecules during
crystallization.

(iii) The volume is overestimated for 25-75% in 496 cases.
These compounds are often highly ionic and furthermore the
cells are very small. A few examples are given in Table 3. This
indicates that the average volumes determined may not be
applicable to inorganic or mainly inorganic substances. To
handle this problem additional sets of average volumes for
inorganics and for metals and intermetallics were introduced
by Stalick (1984).

Fig. 1 shows a histogram which illustrates the ratio between
the observed and estimated volumes V. /V, calculated with
the derived values, according to previous studies (Mighell et
al., 1987), and using the 18 A’ rule. Comparison of the three
approximations shows that the introduction of individual
average volumes (Mighell et al., 1987) significantly increased
the prediction of densities. The standard deviation of the
18 A’ rule (Kempster & Lipson, 1972) in Fig. 1 improved from
9.04 to 4.13. Although the standard deviation of 4.00 in this
work is a slight improvement, the inclusion of the thermal
expansion mainly corrects the average value for prediction.
The former method (Mighell et al., 1987) slightly under-
estimates the average volume by 1.2% (the 18 A3 rule by
1.7%). This error is reduced to 0.3% in the present work. The
new method in addition allows the calculation of the mean
error for the predicted density.

An improvement of the presented estimation can be
achieved by additional terms to (1). To take into account the
local environment of a certain atom one can introduce terms
(Ammon & Mitchell, 1998) that depend on functional groups.
However, the functional-group-dependent method is
restricted to C, H, N, O and F, and the density estimation is
more complicated and is based on significantly more para-
meters than the simple method presented here.
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